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Main research lines
1. New concepts and relations in the homological 

approach to commutative algebra and algebraic 
topology. 

2. Implement homological algorithms, develop 
formal verification of algorithms, integrate both in 
usable systems. 

3. Application of concepts and algorithms of 
homological algebra and algebraic topology to 
biomedical images analysis and system reliability



Goals
1. Commutative algebra: relations between ideals and simplicial complexes via 

polarization and depolarization, extend to persistence homology for ideals. 
Algorithms. 

2. Algebraic Topology: Bousfiled-Kan spectral sequence in the context of 
effective homology. Complete implementation (includes central extensions, 
cosimplicial spaces, fiber towers, multi persistence). 

3. Formalization: Smith reduction, persistence homology 

4. Formalizations optimization: using modular arithmetic in formalizations to 
keep data size under control 

5. Generation of verified programs: try to obtain verified and efficient 
programs. First example: polynomial factorization 



Goals
6. Applications: Computational algebraic algorithms for 

biomedical images and network reliability 

7. Reliability: Multi-state systems using algebraic analysis 
(includes filtrations, polarization and depolarization). 

8. Framework: Integration of computer algebra algorithms in a 
framework for biomedical images analysis  

9. Framework extension: Extension of this framework to 
incorporate and collaborate with algorithms in different contexts 
(includes statistics, geometry or automated learning) 



The research group
• 10 researcher + 6 collaborators 

• Institutions involved: 

• Universidad de La Rioja (project base) 

• Institut Fourier (France) 

• London School of Economics (UK) 

• University of Bristol (UK) 



Commutative Algebra and System Reliability

A system S has n components each of which can be in several states, the 

system itself can be in several states.


Reliability problem: 

• Data:


• probability that each component is in a given state


• Structure function: what component states correspond to what system 

state


• Question:


• Can we obtain the probability that the system is performing at level j?



Commutative Algebra and System Reliability

Algebraic approach: 

• Associate a monomial ideal to each level of performance


• Obtain a minimal generating set


• Compute Hilbert series to obtain reliability polynomial


• Obtain Betti numbers to have reliability bounds
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Figura 2.1: Red de doble puente

truncar a distintos niveles y tal que esos truncamientos nos den cotas para la j-fiabilidad,
del mismo modo que se trunca la conocida fórmula de inclusión-exclusión para obtener
cotas que en este contexto se llaman cotas de Bonferroni. Para conseguir una fórmula de
este tipo podemos recurrir a la expresión del numerador de la serie de Hilbert que viene
dada como la suma alternada de los rangos (graduados o multigraduados) de cualquier
resolución libre de IS,j. Si recurrimos a la resolución mı́nima entonces obtenemos las cotas
más ajustadas de entre las obtenidas por este método. En general, cuanto más cercana
una resolución a la mı́nima, más ajustadas son las cotas que produce (ver por ejemplo
[68, §3] para los detalles).

En resumen, el método algebraico para calcular la j-fiabilidad de un sistema coherente
S consta de los siguientes pasos:

1. Asociamos al sistema S su ideal de j-fiabilidad, IS,j.

2. Obtenemos el conjunto mı́nimo de generadores monomiales de IS,j para tener el
conjunto FS,j.

3. Calculamos la serie de Hilbert de IS,j para obtener la j-fiabilidad de S.

3’ Calculamos alguna resolución libre de IS,j. La suma alternada de los rangos de los
módulos de esta resolución nos da una fórmula para la serie de Hilbert de IS,j, es
decir, la j-fiabilidad de S, que proporciona cotas por truncamiento en cada sumando.

La elección entre los pasos (3) y (3’) depende de nuestras necesidades. Si solo queremos
la fórmula completa de la fiabilidad entonces podemos recurrir en el paso (3) a cualquier
algoritmo que calcule la serie de Hilbert, pero si necesitamos cotas entonces no sirve
cualquier forma de la serie de Hilbert de IS,j. En tal caso podemos recurrir a la forma
dada por cualquier resolución y acudir al paso (3’). Si las probabilidades de rendimiento
de las componentes son independientes e idénticamente distribuidas entonces en los pasos
(3) y (3’) necesitamos solamente la versión graduada de la serie de Hilbert o de las
resoluciones. En otro caso necesitaremos la versión multigraduada.

Ejemplo 1 Ilustraremos el procedimiento descrito con un ejemplo sencillo. Consideremos
la red de la figura 2.1, llamada red de puente doble.

2.4. Fiabilidad de redes y sistemas coherentes. 17

Method Total 0 1 2 3 4 5 6 7 8
Taylor (inc-exc) 511 9 36 84 126 126 84 36 9 1

Scarf (abstr. tube) 103 9 27 37 24 6 0 0 0 0
Hilbert Series (min. res.) 87 9 25 31 18 4 0 0 0 0

Cuadro 2.1: Número de sumandos de la fórmula de fiabilidad

Los caminos mı́nimos de esta red viene dados por

{{1, 6}, {1, 4, 7}, {2, 4, 6}, {1, 4, 5, 8}, {2, 7}, {3, 4, 5, 6}, {2, 5, 8}{3, 5, 7}, {3, 8}}

. Y por tanto el ideal de fiabiliad es

IS = hx1x6, x1x4x7, x2x4x6, x1x4x5x8, x2x7, x3x4x5x6, x2x5x8, x3x5x7, x3x8i.

Calculamos ahora el numerador de la serie de Hilbert mediante la suma alternada de
rangos en una resolución de IS . En el Cuadro 2.1 podemos ver el número de sumandos del
este cálculo del numerador de la serie de Hilbert, es decir, de la fórmula de fiabilidad para
tres resoluciones distintas: Taylor (que corresponde a la fórmula de inclusión-exclusión),
la resolución de Scarf, que no es mı́nima en este caso, y la resolución mı́nima (que en
este caso coincide con la resolución cono iterado). En cada fila podemos ver el número de
sumandos aportados por cada paso en la resolución, es decir, la columna con la etiqueta
i corresponde al rango del i-ésimo módulo de la resolución. Como puede verse, la fórmula
obtenida usando inclusión-exclusión necesita 511 sumandos que llegan hasta el octavo paso
en la resolución, es decir, que necesita la probabilidad conjunta de hasta ocho caminos
mı́nimos. En el otro extremo, la fórmula obtenida de la resolución mı́nima solo necesita
87 sumandos que llegan hasta el cuarto paso de la resolución, con lo que hemos logrado
evitar gran parte de la redundancia de la fórmula de inclusión-exclusión.

Los detalles y demostraciones que justifican la aplicación de este método se encuentran
en [68, 71]. La fiabilidad algebraica de sistemas coherentes es un ámbito muy adecuado de
aplicación de los resultados de la tesis, en particular del algoritmo basado en árboles de
Mayer-Vietoris, ya que en los puntos cruciales en cuanto a su coste computacional (puntos
(3) y particularmente (3’)) este algoritmo proporciona una ventaja decisiva que hace que
el método sea aplicable en la práctica para sistemas de tamaño real. El punto clave es que
en (3’) no necesitamos toda la información contenida en la resolución sino solamente los
multigrados de los módulos que forman parte de ella, y esto es precisamente lo que calcula
el algoritmo de los árboles de Mayer-Vietoris, mientras que los algoritmos tradicionales de
cálculo de resoluciones monomiales no pueden ser aplciados en este tamaño de problemas
ya que al calcular toda la resolución el coste computacional resulta demasiado elevado.

En una serie de art́ıculos publicados desde 2009 principalmente junto a H. Wynn hemos
desarrollado este método y lo hemos aplicado en diversas circunstancias para sistemas
especialmente relevantes. A continuación se explicitan estas aplicaciones en las que los
sistemas considerados han sido siempre de tipo binario.
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Los detalles y demostraciones que justifican la aplicación de este método se encuentran
en [68, 71]. La fiabilidad algebraica de sistemas coherentes es un ámbito muy adecuado de
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Applications in which the group is working: 

1. Synapse counting 
2. Genetic footprint in DNA gel 
3. Bacterial resistance to antibiotics 
4. Fungi biotecnology

Biomedical image processing



Biological problem: measuring synapse density in neurons 

Goal: automatization of synapse counting 

G. Mata et al. SynapCountJ: A Validated Tool for Analyzing Synaptic Densities in Neurons. 
Communications in Computer and Information Science 690:41-55, 2017.

Synapsis counting



Synapsis counting

Task 1: Synapse detection



Synapsis counting

Task 1: Synapse detection



Synapsis counting

Task 2: Synapse editing



Synapsis counting

Task 3: Synapse counting



Synapsis counting

Final Result: SynapCountJ, implemented in ImageJ



Synapsis counting

Improvement: Zig-zag homology to avoid 3D crossings
G. Mata et al. / Pattern Recognition Letters 62 (2015) 55–60 59

Fig. 2. A piece of Fig. 1. This is a relevant part for our study because we can see there two crossing dendrites.

Fig. 3. Graphical results from the plugin.

addition, a drawing of each connected component (producing, in
our case, a segmentation of dendrite fragments). Thus, by applying
FindMaxima, we can get all the functionality needed to implement
Algorithm 1. Let us observe that, since FindMaxima always deter-
mines the same generator for the same component, it provides an
efficient management of the component lists involved in Algorithm 1.

After explaining some of the internal processing in our plugin, let
us briefly describe the user interface. The user can set a number of
parameters before starting the execution. She can fix the slice where
the processing will start from, and also the minimum life of each com-
ponent (that is to say, the length of the barcode to be considered with
biological meaning). Furthermore, the visual interface allows the user
to choose freely among different filters and thresholding methods
(even if, for the two kind of images considered in our experimental
study, some of these parameters are strongly correlated), foreseeing
that other kinds of images could need other kinds of preprocessing.

We explain now the outputs of the plugin by means of an example.
The plugin is applied on a selected part of the image where the object
of interest is concentrated. For instance, in Fig. 2 we have selected
the part of Fig. 1 which is inside the white rectangle, because there
is a possible crossing (a situation difficult to analyze by automated
methods; in particular it would be out of reaching for our previous
plugin NeuronPersistentJ).

The plugin studies all connected components contained in the dif-
ferent slices, and studies their evolution throughout the Z-stack by
means of the zigzag module. Then, NeuronzigzagJ calculates the main

structure and is able to check automatically whether two dendrites
that are linked in the maximal projection of the stack are really the
same, or are overlapped on the plane but there is no intersection be-
tween them in the space.

The final outputs are two images, see Fig. 3. The first image depicts
the main connected components of the neuron structure, with differ-
ent colors. The plugin considers that the main connected components
are those that live longer. In this example, there are 4 connected com-
ponents which live in 5 or more slices (the number 5 corresponds to
the “life” parameter fixed by the user). This Z-stack has 15 slices and
these components have the longest life. We can see that they rep-
resent the main dendritic structure in this image. The second image
(right image in Fig. 3) is a barcode summarizing the life of all con-
nected components which are in the Z-stack. In the barcode, we can
see an abridged version of all the homological information; in par-
ticular, the four longest dendrite fragments are clearly visualized in
Fig. 3. Let us stress that even if the stack has 15 slices, the number of
columns in the barcode is 29 (twice 15 minus 1), because the com-
pound images Si ∪ Si+1 (got by union or by maximal projection) are
also considered there; concretely, even columns correspond to actual
slices, and odd ones to compound images.

4.2. Experiments

In order to validate our program and assumptions, we have under-
taken two experimental studies. In the first experiment, the aim was



Biological problem: compare DNA patterns 

Goal: Semi-automatization of the analysis of genetic footprint gels 

J. Heras et al. GelJ -- a Tool for Analyzing DNA Fingerprint Gel Images. BMC 
Bioinformatics 16(270), 2015.

Genetic footprint in DNA gel



Genetic footprint in DNA gel

Task 1: Detect and edit rails



Genetic footprint in DNA gel

Task 2: Detect and edit strain



Genetic footprint in DNA gel

Task 3: Compare lanes



Genetic footprint in DNA gel

Final result:GelJ, free tool developed in Java 
combining ImageJ and Weka 



Biological problem: measuring bacterial resistance to antibiotics 

Goal: Determine, measure and categorize in an automatic or 
semi-automatic way zones of antibiotic inhibition,  

A. Alonso et al. AntibiogramJ: a Tool for Analysing Images in Biomedicine. Computers in 
Biology and Medicine 84:189-194, 2017.

Bacterial resistance to antibiotics



Bacterial resistance to antibiotics

Task 1: Disk detection and management



Bacterial resistance to antibiotics

Task 2: Detect, measure and categorize halos



Bacterial resistance to antibiotics

Task 2: Detect, measure and categorize halos



Bacterial resistance to antibiotics

Final result: AntibiogramJ, free tool developed in 
Java combining ImageJ and OpenCV



Bacterial resistance to antibiotics

Final result: AntibiogramJ, free tool developed in 
Java combining ImageJ and OpenCV



Computer algebra: 
Formalization and applications to 

network reliability and 
biomedical image processing

Guanajuato, Nov 20th 2018

Eduardo Sáenz de Cabezón 

Universidad de La Rioja (Spain) 

eduardo.saenz-de-cabezon@unirioja.es

mailto:eduardo.saenz-de-cabezon@unirioja.es

